Operadic Lax representations for the harmonic oscillator are used to construct the quantum counterparts of some 3d real Lie algebras in Bianchi classification. The Jacobians of these quantum algebras arecalculated. It is conjectured that the tangent algebras of these quantum algebras are the Heisenberg algebra. From this it follows that the volume element in R 3 has discrete values: |(x, y, z)| = 4 √ 2(2n + 1) (n = 0, 1, 2, . . . ).
Introduction
In Hamiltonian formalism, a mechanical system is described by the canonical variables q i , p i and their time evolution is prescribed by the Hamiltonian equations Thus, from the algebraic point of view, mechanical systems can be represented by linear operators, i.e by linear maps V → V of a vector space V . As a generalization of this one can pose the following question [5] : how to describe the time evolution of the linear operations (multiplications) V ⊗n → V ? The algebraic operations (multiplications) can be seen as an example of the operadic variables [2] . If an operadic system depends on time one can speak about operadic dynamics [5] . The latter may be introduced by simple and natural analogy with the Hamiltonian dynamics. In particular, the time evolution of the operadic variables may be given by the operadic Lax equation. In [6, 7, 8] , the low-dimensional binary operadic Lax representations for the harmonic oscillator were constructed.
Operadic Lax representations for the harmonic oscillator are used to construct the quantum counterparts of some 3d real Lie algebras in Bianchi classification. The Jacobians of these quantum algebras are calculated. It is conjectured that the tangent algebras of these quantum algebras are the Heisenberg algebra. From this it follows that the volume element in R 3 has discrete values: |(x, y, z)| = 4 √ 2(2n + 1) (n = 0, 1, 2, . . . ).
Let K be a unital associative commutative ring, V be a unital K-module, and E n V := End n V := Hom(V ⊗n , V ) (n ∈ N). For an operation f ∈ E n V , we refer to n as the degree of f and often write (when it does not cause confusion) f instead of deg f . For example, (−1) f := (−1) n , E f V := E n V and • f := • n . Also, it is convenient to use the reduced degree |f | := n − 1. Throughout this paper, we assume that ⊗ := ⊗ K .
The sequence E V := {E n V } n∈N , equipped with the partial compositions • i , is called the endomorphism operad of V .
The pair Com
Definition 2.3 (Gerstenhaber brackets [2]
). The Gerstenhaber brackets [·, ·] are defined in Com E V as a graded commutator by
The commutator algebra of Com E V is denoted as Com − E V := {E V , [·, ·]}. One can prove (e.g [2] ) that Com − E V is a graded Lie algebra. The Jacobi identity reads
3 Operadic Lax equation and harmonic oscillator Assume that K := R or K := C and operations are differentiable. Dynamics in operadic systems (operadic dynamics) may be introduced by Definition 3.1 (operadic Lax pair [5] ). Allow a classical dynamical system to be described by the Hamiltonian system (1.1). An operadic Lax pair is a pair (L, M ) of homogeneous operations L, M ∈ E V , such that the Hamiltonian system (1.1) may be represented as the operadic Lax equation
The pair (L, M ) is also called an operadic Lax representations of/for Hamiltonian system (1.1). Evidently, the degree constraints |M | = |L| = 0 give rise to ordinary Lax equation (1.2) [4, 1] .
In this paper we assume that |M | = 0.
The Hamiltonian of the harmonic oscillator (HO) is
Thus, the Hamiltonian system of HO reads
If µ is a linear algebraic operation we can use the above Hamilton equations to obtain
Therefore, we get the following linear partial differential equation for µ(q, p): 
give a 3-dimensional Lax representation for the harmonic oscillator.
Definition 4.2 (quasi-canonical coordinates). Define the quasi-canonical coordinates A ± of HO by the relations
Note that A ± can not be simultaneously zero. 8]). Let C ν ∈ R (ν = 1, . . . , 9) be arbitrary real-valued parameters, such that
Let M be defined as in Lemma 4.1, and
Then (µ, M ) is a 3-dimensional anti-commutative binary operadic Lax pair for HO.
Specify the coefficients C ν in Theorem 4.3 by the initial conditions µ| t=0 = • µ , p| t=0 = p 0 , q| t=0 = 0
Denoting E := H| t=0 , the latter together with (4.1) yield the initial conditions for A ± :
In what follows assume that p 0 > 0 and A + | t=0 = √ 2p 0 . The other cases can be treated similarly. Note that in this case p 0 = √ 2E. From (4.3) we get the following linear system:
One can easily check that the unique solution of the latter system with respect to C ν (ν = 1, . . . , 9) is
We study only the algebras VII a , III a=1 , VI a =1 from the Bianchi classification of the 3-dimensional real Lie algebras [3] . The structure equations of the 3-dimensional real Lie algebras can be presented as follows:
[e 1 , e 2 ] = −αe 2 + n 3 e 3 , [e 2 , e 3 ] = n 1 e 1 , [e 3 , e 1 ] = n 2 e 2 + αe 3
The values of the parameters α, n 1 , n 2 , n 3 and the corresponding structure constants for VII a , III a=1 , VI a =1 are presented in Table 6 .1.
Bianchi type α n 1 n 2 n 3 By using the structure constants of the 3-dimensional Lie algebras in the Bianchi classification, Theorem 4.3 and relations (5.1) one can propose that evolution of the VII a , III a=1 , VI a =1 can be prescribed as given in Table 7 .1.
8 VII a , III a=1 , VI a =1 By using the algebras VII t a , III t a=1 , VI t a =1 from Table 7 .1, we can now propose their quantized counterparts VII a , III a=1 , VI a =1 as exposed in Table 8 .1. We shall fix the parameter p 0 > 0 later. 1   12μ  2  12μ  3  12μ  1  23μ  2  23μ  3  23μ  1  31μ  2  31μ 3 31 
Quantum Bianchi typeμ
, E n := ω n + 1 2 , n = 0, 1, 2 . . .
Remark 9.2.
To prove this conjecture, one has to calculate the commutator [Ĵ 1 ,Ĵ 2 ]. We hope to study this elsewhere.
Definition 9.3 (tangent algebra). The anti-commutative algebra given by the structure equations (9.1) is called the tangent algebra of III a=1 , VI a =1 , VII a . Corollary 9.5. The tangent algebra of VII a , III a=1 , VI a =1 is the 3-dimensional real Heisenberg algebra.
Idea of proof. By elementary calculus one can see that the Jacobian of the tangent algebra vanish. As the only non-vanishing structure constant is • µ 1 23 , one can easily see from the Bianchi classification [3] that β n = 1 perfectly suits. Corollary 9.6. For III a=1 , VI a =1 , VII a we have |(x|y|z)| = 4 √ 2(2n + 1), n = 0, 1, 2, . . .
